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Abstract. Much of the work currently occurring in the field of Quantum
Interaction (QI) relies upon Projective Measurement. This is perhaps
not optimal, cognitive states are not nearly as well behaved as standard
quantum mechanical systems; they exhibit violations of repeatability,
and the operators that we use to describe measurements do not appear
to be naturally orthogonal in cognitive systems. Here we attempt to
map the formalism of Positive Operator Valued Measure (POVM) theory
into the domain of semantic memory, showing how it might be used to
construct Bell-type inequalities.
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1 The Problem of Projective Measurements

Much of the work currently occurring in the field of Quantum Interaction (QI)
relies upon the standard quantum measurement process as exemplified by Pro-
jective Measurement. This is by no means surprising, most introductory texts
on Quantum Mechanics (QM) deal only with projective measurements as most
physical systems are well represented using this formalism. However, projective
measurements are highly restrictive. They are also not straightforward to con-
struct for a cognitive system. For example, in the program of research that uses
the quantum formalism to model word associations and recall [5, 17, 4] we consis-
tently find that the assumption of an orthogonal relationship between meanings
is difficult to justify, and models are easy to construct only for special scenarios.
It would be useful to have new approaches that did not make such strict as-
sumptions about orthogonality between operators, but still exhibited the power
of the quantum approach.

Luckily, the quantum formalism has already been provided with this exten-
sion. A Positive Operator Valued Measure (POVM) makes no assumptions about
the orthogonality of two operators Pi and Pj , i.e. Pi, Pj 6= δijPi, which means
that suddenly we no longer need to frame measurements in a simple {yes, no}
basis. This simplification of structure gives rise to many useful properties, that
could perhaps be the first step in constructing a more realistic quantum model
of cognition.

With a few notable exceptions [11, 12], the QI community has not made use
of POVMs very much to date. It is the purpose of this paper to demonstrate



some of the key features of the POVM approach, and to then show a potential
application in the modelling of word association data. Starting with a careful
consideration of what we mean by a quantum measurement, we shall build up an
understanding of Projective vs POVM approaches to the modelling of semantic
memory. We shall see that the POVM approach lends itself very naturally to the
description of many of the phenomena that occur every day in the modelling of
human memory and cognition, leading us to posit that the approach is perhaps
better suited to the field of Quantum Cognition (QC) than that provided by
projections.

We start with a consideration of what exactly we mean by a quantum mea-
surement.

2 Quantum Measurement

What is a quantum measurement? Although clouded as a philosophical concept,
the quantum axioms are very clear. A quantum measurement takes on two key
roles mathematically:

1. It specifies the probabilities related to the different possible measurement
outcomes, and then,

2. it projects the state onto a new post-measurement state, as per the observed
measurement outcome.

Why, when, and where exactly the measurement occurred are all up for debate
[15], but as noted by many before us [18, 19, 3] the recipe to follow is quite clear.

Quantum measurements are usually represented by a collection of measure-
ment operators {Mm}, where the index m indicates a set of possible measure-
ment outcomes for some experiment. If we apply the measurement on a quantum
system in the state |ψ〉, the probability of obtaining a specific result m is

P (m) = 〈ψ|M†
mMm|ψ〉, (1)

and the state after measurement becomes

Mm|ψ〉√
〈ψ|M†

mMm|ψ〉
. (2)

These measurement operators satisfy the completeness equation∑
m

M†
mMm = I (3)

which simply means that their probabilities sum to one. This is a version of the
standard law of total probability that is frequently used in QI.



2.1 Projection-Valued Measure (PVM)

A special important class of the general measurement is known as projective
measurement. It is represented by an observable M (a Hermitian operator) which
has a spectral decomposition

M =
∑
m

mPm, (4)

where Pm is the projector onto the eigenspace of M with eigenvalue m. The
probability of obtaining result m, after applying the measurement to a quantum
system in the state |ψ〉 is

P (m) = 〈ψ|Pm|ψ〉, (5)

and the state after measurement becomes

Pm|ψ〉√
P (m)

. (6)

Unlike general measurements in QM, projective measurements are repeatable,
which means that if we get state |ψm〉 after the first measurement, repeated
measurements will give the same result.

2.2 Is repeatability a sensible requirement?

Repeatability is a very strong assumption for quantum cognition. We can start to
understand this problem through a consideration of the standard Stern Gerlach
type of repeated measurement as it is normally revealed in physics. For example,
if a particle with spin traverses through such a detector it will either go ‘up’
or ‘down’. Now, if we take one of the resulting beams (say the particles that
went ‘up’) and send it through another Stern Gerlach device that is oriented
in precisely the same direction as the first one then we know that the particles
will all emerge from the second measurement in an ‘up’ stream. However, this
does not point to an underlying ‘element of reality’. If we had placed a third
analyser in between the first and the second ones then the final measurement
would have resulted in a mixture; some particles would go ‘up’ and some ‘down’.
This experiment shows us that physical quantum measurements are inherently
repeatable; we can reasonably expect the same result to occur if we repeat the
same experiment directly after a first one.

The same scenario can be easily found in cognition. Consider an example
that was raised by Jerome Busemeyer during the panel discussion that occurred
during QI’14:

For example, ask me a question... say “what do I want to do on the
weekend?” I know what I want to do, ask me again, yep I still want to do
it, again, yep nothing has changed. Now ask me what my wife wants to
do on the weekend. Yep I know what she wants to do. Now ask me what
I want to do again: Oops! It just changed. [NB: not a verbatim quote —
a recollection due to KK]



However, a different form of scenario is also possible. For example, it is pos-
sible to perform two cueing measurements in a row, using the same word, and
there is no guarantee that the subject will always respond in the same way. It
might be possible that the following sequence occurs:

...

cue = SPRING

response = COIL

cue = SPRING

response = LEAF

...

A PVM used in the standard quantum formalism would not be suitable for
modelling such a situation. The state has been prepared, and we know that
with no intervening measurements to realign the basis states the probability of
returning COIL to the cue SPRING is equal to 1. However, the subject will not
always conform to this repeatability requirement; in this case they return LEAF
instead of the response predicted by a projective measurement (COIL).

Here we see a key problem for projective measurements. They are too strict
in their requirement for repeatability.

3 Positive Operator-Valued Measure (POVM)

In contrast to projective measurements, the POVM formalism provides a means
for obtaining the probabilities of a set of measurement outcomes, but without
the assumptions of orthogonality and projection. In equation (1), suppose we
define

Em = M†
mMm,

∑
m

Em = I, (7)

where Em is a positive operator. In this scenario the probability of obtaining the
result associated with Em is given by

P (m) = 〈ψ|Em|ψ〉. (8)

The complete set of Em that define the probability of each measurement outcome
is known as a POVM . If we want to use a density matrix ρ =

∑
i |ψi〉〈ψi| (for

pure or mixed state) then this probability is given by the trace: tr(Emρ).
The violation of repeatability that arises in POVMs is a key feature which

makes them potentially much more natural when it comes to the modelling
of cognition. It is also easy to recover the notion of projective measurement
with some extra assumptions. Those POVMs whose elements are idempotent
(meaning that E2

m = Em for all m), are the subset of special measurements that



we discussed above: PVM. We can look at the relation between PVM and POVM
from the other side; if for our projective measurement we have PmPm′ = δmm′Pm
and

∑
m Pm = I then Em = P †

mPm = Pm [18].
In addition to not requiring repeatability, POVMs have many other inter-

esting properties. For example, Naimark’s dilation theorem [9] implies that any
POVM can be lifted by an operator map to a projection valued measure, which
allows us to re-generate the standard representation that has been used in QI
until now. We note that Khrennikov et al. [11] interpreted the additional degree
of freedom required in this theorem as the mental environment for a decision
maker, an intriguing move that deserves more investigation. Similarly, quantum
tomography provides us with another potential application of POVMs to the
field of QC. Here, a series of known states are used to measure an unknown
state (in the case of QC this would be the cognitive state of a subject). As
measurement can always be characterised by a set of POVMs, it is possible
to reconstruct these characterising POVMs as a representation of the cognitive
state of a person. Finally, POVMs are not necessarily diagonal, as is the case
for standard projective observables. This opens up the possibility of interference
between different measuring devices, a phenomenon that occurs all to often when
one is attempting to measure the cognitive state of a subject. For now we shall
defer these interesting issues to future work, and instead turn to a consideration
of how this formalism can be utilised in the construction of Bell-type inequalities
as we return to the question of whether interesting non-compositional behaviour
can be demonstrated for the case of conceptual combination.

4 Complementarity in Bell-type inequalities

A common practice in QI is to use Bell-type inequalities as a test for different
types of contextuality in cognition. Starting with the seminal paper of Aerts et
al. [1], which proposed a simple scenario where two concepts might combine in
a subject’s mind, many have attempted to make use of the formalism (see e.g.
[5, 13, 8, 2, 4]). However, Dzhafarov [7] has called attention to the importance
of demonstrating that marginal selectivity is satisfied in cognition, which calls
much of this work into question. After all, while physics has an established set of
reasons (stemming from Special Relativity) to believe that two systems should
be considered separate once they are taken ‘far enough away’ from each other,
psychology has no such embedded principles of separability. Indeed it is more
often the opposite scenario that holds, and we now understand the importance of
demonstrating that a system ‘should’ be considered separable before revealing a
violation of a Bell-type inequality. Thus, it is important to begin collecting more
datasets, but before we do this we have an opportunity to re-consider the notion
of measurement in detail.

Let us start by carefully considering one of the data collection processes that
have occurred in the above body of work.

Bruza et al. [5, 4] model words in memory as states in a Hilbert space, where
the tensor products of these states demonstrate interactions between words.



They provide experimental structures to test the existence of non-local effects
between concepts which would indicate that they exhibit non-compositional be-
haviour. In this model, context is considered as a particular choice of a measur-
ing apparatus as in the quantum realm. Bruza et al. [5, 4] applied the CHSH
inequality to the analysis of compositionality between two concepts A and B as
a specific example of a Bell-type inequality. Concepts with dominant and subor-
dinate senses are chosen for A and B, and these are indicated by the numbers
1 and 2. Human recall of these concepts can then be described by the random
variables {A1, A2} and {B1, B2} which take values over {+1,−1}. When the
dominant sense of concept A is first primed, and A is interpreted in that sense by
the human subject, then it is designated as A1 = +1. If A is not interpreted in
that sense after priming of the dominant sense then A1 = −1. Similarly, A2 = 1
relates to situations where the subordinate sense of concept A is primed and a
result is returned that matches with that priming scenario etc.

It is worth making some observations about this approach. First note that
it requires a very careful choice of primes. The primes must be biambiguous
(i.e. having two possible interpretations which indicate two different underlying
senses), which is a very strong requirement. Human language is rarely so strictly
interpreted, and even if two clear senses exist, it is commonly the case that
putting them in a novel context will lead to the emergence of new senses and
meanings. Language is inherently a ‘high end’ complex phenomenon [14]. A
similar problem comes in the choice of measurement settings. The experiment is
structured with an equal choice of the different settings, but it would be possible
to relax this assumption and still approach the modelling of the system in a
formalised manner. Thus, if a subordinate sense is very unlikely to occur, then
more experiments that prime a subject towards that sense will be necessary to
reach significance.

The underlying motivation of this article to extend this experimental scenario
to a more general case.

We note that different probabilities of occurrence for varyious measurement
settings is a straightforward thing to model in the POVM formalism. We denote
the probability that prime A1 will be used in an experiment by γ, and use 1− γ
to represent the probability that we will select prime A2. In the POVM approach
A1 and A2 are considered jointly non-ideally measurable. To understand what
this means we will require a little more formalism, which we find in a definition
provided by De Muynck [6].

Definition 1 [6]: A POVM {Mn} represents a nonideal measurement of the
observable (POVM) {Nk} (which is not necessarily a PVM) if the POVMs are
related according to

Mn =
∑
k

λmkNk, λmk ≥ 0,
∑
m

λmk = 1. (9)



Definition 2 [6]: Two observables Mm and Nk are simultaneously, or jointly
measurable if a bivariate POVM Rmk exists such that∑

k

Rmk = Mm,
∑
m

Rmk = Nk. (10)

and there is a measurement procedure for measuring the observable represented
by the POVM Rmk. They are jointly non-idealy measurable if instead:∑

k

Rmk =
∑
n

λmnMn,
∑
m

Rmk =
∑
l

λklNl. (11)

Definition 2 implies that two measurements are simultaneously measurable if
a POVM Rmk exists such that the marginals of Rmk are nonideal measurements
of {Mn} and {Nk}. Thus, the POVM formalism gives us a natural way of quickly
asking if measurements can be carried out simultaneously or not.

In Bruza et al. [5, 4] measurements are represented by PVMs e.g. (A1 =
0, A1 = 1) and (A2 = 0, A2 = 1). Allowing n and m to range over the values
{+1,−1} we can represent this set of PVMs as (An1 , A

m
2 ). This gives a joint

nonideal measurement of PVMs (An1 , A
m
2 ) that can be interpreted by a bivariate

POVM (Rγmn) [16]:

Rγmn =

(
0 γ(A1 = 1)

(1− γ)(A2 = 1) γ(A1 = 0) + (1− γ)(A2 = 0)

)
(12)

with a joint probability of pmn = TrρRγmn. Note that the top left hand corner
of this matrix is equal to zero because the subject can not be primed with two
senses for a word at the same time.

The marginals Rγmn are:

Rγmn =

(∑
nR

γ
1n∑

nR
γ
0n

)
=

(
γ 0

1− γ 1

)(
A1 = 1
A1 = 0

)
(13)

Rγmn =

(∑
nR

γ
m1∑

nR
γ
m0

)
=

(
1− γ 0
γ 1

)(
A2 = 1
A2 = 0

)
(14)

We can now construct a generalized Bell experiment, which can be considered a
joint nonideal measurement of four PVMs (An1 , A

m
2 , B

n
1 , B

m
2 ); the direct product

of the bivariate POVMs (12) of each concept leads to quadrivariate POVM,
which can be written as

RγAγBmAnAmBnB
= RγAmAnA

RγBmBnB
. (15)

De Muynck [16] suggests that a mutual disturbance of measurement results
(complementarity) would occur for each concept separately. This implies that
there is no disturbing influence on the marginals of one concept which arises when
we change the measurement settings for another concept. This is precisely the
meaning of non-contextuality in physics. This raises a possibility for constructing



a POVM driven model of contextual behaviour without making use of a non-local
effect. Essentially this would imply that violations of some sort of a separability
assumption would be due to an effect that was more akin to incompatibility.
Thus, violation would imply a system where the choice of one cue was shown to
influence the results obtained for another one, a classic scenario of contextuality.

This has been done already. De Muynck [16] constructed the quadrivariate
probability distribution of a generalized Bell experiment as:

pγAB
mAnAmBnB

= TrρRγAmAnA
RγBmBnB

(16)

and used this relationship to conclude that complimentarity provides us with a
local explanation for violations of Bell-type inequalities.

Thus, we see that a small interpretative difference arises in the POVM ap-
proach that we are proposing for QI. Whereas a violation of a Bell-type inequality
might occur due to an influence that behaves non-locally [15], this formalism aims
to discuss a different form of contextual influence. Specifically, this approach is
grounded in the principles of complimentarity, and so equation (16) is consider-
ing two measurement arrangements, and asking if they might be considered to
influence one another or not.

5 Non-signalling in a Bell-type scenario

As discussed above in section 4, many QI teams have constructed Bell-type
inequalities and then attempted to demonstrate their violation for a variety of
different systems that are not traditionally deemed quantum. The familiar game
involves defining a pair of outputs (a, b), pair of inputs (A,B), and then deriving
a joint probability distribution

p(a, b|A,B). (17)

This joint probability distribution satisfies non-signaling, which in the case of
QC is taken to be marginal selectivity if∑

b

p(a, b|A,B) =
∑
b

p(a, b|A,B′)∑
a

p(a, b|A,B) =
∑
a

p(a, b|A′, B).
(18)

How does a POVM approach cover the same scenario? As Vertesi [20] has shown,
if MA

a and MB
b are POVMs applied locally for Alice and Bob, then the joint

probability distribution can be calculated as:

p(a, b|A,B) = tr(ρMA
a ⊗MB

b ) (19)

where ∑
m

Mx
a =

∑
m

Mx
a = I. (20)



The probability distribution (19) always satisfies non-signaling [10]:

p(a|A,B) =
∑
b

p(a, b|A,B)

=
∑
b

tr(ρMA
a ⊗MB

b )

= tr(
∑
b

MA
a ⊗MB

b ρ)

= tr(MA
a ⊗

∑
b

MB
b ρ)

= tr(MA
a ⊗ Iρ)

= p(a|A).

(21)

6 Concluding Remarks

This paper is a very tentative first step towards a more coherent and well formed
approach to the modelling of semantic memory using POVMs rather than assum-
ing projective measurements. We discussed the reasons why such a generalisation
is desirable: (i) there is no guarantee that cognitive operators are orthogonal, (ii)
cognitive experiments do not always lead to repeatable outcomes, (iii) POVMs
are unsharp and so allow for a straightforward weighting of probabilistic choices
of experimental setting. We have sketched out the structure that we think a
POVM approach to modelling semantic memory will require, and made some
observations about the behaviour that we would expect from the POVMs them-
selves.

This contribution is just a first foray into our investigation of the potentially
rich seam of POVMs in the field of QC. We anticipate that with a more coherent
and well founded formalism we might come to understand the incredibly complex
process that is human semantic recall.
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